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The Murphree efficiency of a distil- 
lation tray is often higher than the 
corresponding point efficiency. One 
cause of the increase is the presence of 
a concentration gradient across the 
tray. The effect of concentration gradi- 
ent for a simple model of a distillation 
tray has been treated by W. K. Lewis, 
Jr., ( 1 ) .  He showed how Murphree 
efficiencies of greater than 100% can 
be encountered under certain operating 
conditions, but a great number of sim- 
plifying assumptions were made to ar- 
rive at  a mathematically tractable form. 
These assumptions were: 

1. One-dimensional flow 
2. Complete vertical mixing in the 

3. No axial mixing in the liquid 
4. Binary mixture 
5. Constant molal overflow 
6. Uniform vapor distribution across 

liquid 

If one assumes that mE/L is con- 
stant across a tray, and notes that 
S g dw is one arrives at the fol- 

lowing form: 
0 

The Murphree tray efficiency is de- 
fined by 

- 

The average vapor concentration is 
s' y dw. Thus one finallv obtains: 

En," 
E 

n 

- -- 

tray 
7. Well-mixed vapor under tray 
8. Straight equilibrium line 
9. Constant Murphree point effi- ' 

Of these nine assumptions the sixth 
and third would seem to be the most 
restrictive. In this paper the sixth as- 
sumption (uniform vapor distribution) 
has been eliminated, and the signifi- 
cance of nonuniform vapor flow has 
been demonstrated. In all cases the 
nonuniform vapor flow reinforces the 
effect of the concentration gradient, 
and the resulting Murphree tray effi- 
ciency is higher than would be ex- 
pected on the basis of Lewis' analysis. 

THE GENERAL EQUATION w 

a differential slice of the tray, and as- 

J exp { t ( l - $ g c i w ) >  mEG 

(4)  ciency. dw 

4.0 

3.0 

\ 
Integrating the material balance on 

suming the value of the concentration 
in the exit liquid is known, one can 
arrive at the following form for the 
vapor-phase concentration as a func- 
tion of the distance across the tray: 

2 
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Fig. 1 .  Combined effect of concentration and 
(1) vapor-flow g:adients on distillation plate 

L efficiency. 

This general form is valid for any vari- 
ation of vapor flow, g ( w ) .  For a uni- 
form vapor flow g i s c ,  and the equa- 
tion reduces to that treated by Lewis. 

LINEAR VAPOR-FLOW GRADIENT 

To determine if the effect of vapor- 
flow gradient is significant the assump- 
tion of a linear vapor flow gradient 
was made: 

- 
g/lJ= 1 - - z ( l - 2 w )  ( 5 )  

Substituting in (4) one obtains 

+G(-)-+-\ 1--z dw 

By completing the square and chang- 
ing variable one arrives at the follow- 
ing form: 

E mv 

E 
-- - 

The corresponding solution for no 
vapor-flow gradient is 

Em, expEX- 1 

The rather complicated form (7) was 
programmed for the Bendix G-15 dig- 
ital computer with DAISY 201 inter- 
pretive routines. 

RESULTS AND DISCUSSION 

The calculated values of efficiency 
ratio are shown in Figure 1 .  If one 
plots the efficiency ratio E,,/E vs. EX, 
all the values given by Lewis for one 
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tray fall on the single line in Figure I 
labelled "uniform vapor distribution." 

The following condensed table gives 
the efficiency ratio for the limiting 
vapor distributions at various values of 
EX: 
Eh ( E d E  ) "  ( E d E ) '  
0.5 1.30 1.37 
1.0 1.70 2.00 
1.5 2.32 2.96 
2.0 3.20 4.42 

0-Uniform vapor distribution 
1-First row of caps inactive 

As in Lewis' analysis the effect is 
more pronounced at  higher values of 
EA, and as would be expected the ef- 
fect increases monotonically with the 
amount of imbalance in the vapor 
flow. The error in the predicted tray 
efficiency can be as high as 20 or 30% 
if the vapor flow i s  sufficiently non- 
uniform. Figure 1 can be used to de- 

termine the efficiency ratio for com- 
bined vapor flow and concentration 
gradients. 
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NOTATION 

E = Murphree point efficiency 
E,, = Murphree tray efficiency 
g 

rate 
G 

tire tray 
L = liquid flow rate 
m 

= point value of the vapor flow 

= flow rate averaged over en- 
- 

= slope of equilibrium line, yo 
= m x + b  

w 

y = vapor composition 
I+ = vapor composition under the 

tray 
yo = vapor composition at exit of 

tray ( w  = 1) 
y* = vapor Composition in equilib- 

rium with liquid at any point 
y = vapor composition averaged 

over entire tray 
z = fractional imbalance in vapor 

flow rate at end of tray (for 
linear - vapor-flow gradient) 

= distance along the tray, as a 
fraction of the total 

- 

= -  G--g evaluated at w = 0 
n 
b 

X = mG/L 
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A Note on Transport to Spheres in Stokes Flow 
I 

Mass and heat transfer to spheres at 
Reynolds numbers sufficiently large for 
a velocity boundary layer to exist have 
received a considerable amount of at- 
tention in the literature. Experimental 
data have been obtained over wide 
ranges of NRe and N,,, and a satisfac- 
tory theory has been developed for 
calculating the transfer rate at least up 
to the point of separation of the veloc- 
ity boundary layer. 

Mass transfer at Reynolds numbers 
below about 1, the range of Stokes 
flow, has received less attention This 
range is of importance for drops smaller 
than about 100 p falling through air, 
bubbles smaller than about 100 p 
rising through water, and for particles 
and drops moving through liquids. 
Transport in the Stokes flow region is 
relatively difficult to study experi- 
mentally, and only a few data are re- 
ported in the literature. Theory indi- 
cates that unlike the result for high 
N,,, the Shenvood number (the Nus- 
selt number for mass transport) is a 
function only of the PBclet number 
N p ,  and not of N R ,  and N8, separately. 

An approximate theoretical curve for 
the Sherwood number over the entire 
Peclet number range has been obtained 
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by the author of this note (1 ) who as- 
sumed the existence of a concentration 
boundary layer and used the von Kar- 
man integral method. For N,, = 0.3, 
1, 3, and 10 Yuge (6) has calculated 
what are presumably more accurate 
values for the Sherwood number by a 
numerical solution of the complete 
diffusion equation. A better curve 
than that given in (1 ) can be obtained 
by the use of the Yuge numerical data 
for low N,, and the Levich-Lighthill 
( 3 ,  4 )  thin boundary-layer method 
for N, ,  .+ 00. 

For thin concentration boundary 
layers it is necessary to take into ac- 
count only the first term in an expan- 
sion of the velocity in the region near 
the wall when the equation of convec- 
tive diffusion is solved. For the region 
close to the surface of the sphere the 
diffusion equation can be written (2) 
as 

Let = 01- l '~  y. sin x1/(rlsin3 x'' dx',) 

and assume c = f ( q ) .  Substituting in 
(1) one gets 

The solution which satisfies the bound- 
ary condition c, = 1 at 7 = 0 and c1 
= O a t q =  cois 

e -aNP,P//l2dn' 

J; e-~~h'~,P/lZdn' cl= 1- (4)  

The Shenvood number is given by 

sin' xI1 dx', 
( s11)sin2xl"dx1") 

- - 

n 

( 5 )  
From Equation (4) 

The first tesms in the expansion of the 
Stokes velocities give for u1 and 0, 

u, = (3/2) yl sin x, 

Hence ( 5 )  becomes* 
* Using the thin concentration boundary-layer 

theory Natanson ( 5 )  finds for Bow normal to a 
single cylinder: 

N S H  = 1.17 N p r ' / * / 2 ( 2  - In N R E )  o1 = - ( 3 / 2 )  ~ 1 2  cos XI 
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